Contact mechanics and tribology was combined with fundamental fatigue and fracture mechanics to form a new mechanism for surface initiated rolling contact fatigue. Following, fatigue was investigated numerically for single asperities and craters in lubricated rolling contact surfaces. The hypothesis suggests that asperity point contacts can create sufficiently large tensile stresses for fatigue. The investigated case corresponded to a heavily loaded truck gear with ground surfaces. Reynolds equation resolved the elastohydrodynamic effect of the asperity in the transient three dimensional contacts. The Findley critical plane criterion was used for multiaxial and non-proportional fatigue evaluation. The simulations confirmed the new mechanism for rolling contact fatigue and showed how asperities can create contact fatigue in the lubricated contacts even without slip.
Introduction
Gear and bearings surfaces may eventually fail due to rolling contact fatigue (RCF). A common failure mode of RCF is surface induced pitting, also called spalling, where small pieces of surface material are chipped off. In 1935 Way [1] did a thorough investigation on pitting and found that lubrication was a fundamental prerequisite for the damage. The Failure Atlas by Tallian [2] shows a multitude of typical RCF damages and describes the damage process from a phenomenological viewpoint. Although the damage development is reasonably well established, the explaining mechanism for the damage process is still discussed.
Pitting damages can be initiated at the surface or just below. This work focused on a mechanism for crack initiation of surface initiated spalling or pitting. Different definitions of the size and shape of surface initiated pitting has been presented by for example Way [1] and Tallain [2] . Fig. 1 shows two typical RCF pits in truck spur gears. The geometry and manufacturing process of the gears are described by MacAldener and Olsson [3] . The gear with the pit in For the current analysis the important aspect was the recognition that the surface initiated RCF crater forms by a crack which initiate at one point in the surface. For both pits in Fig. 1 , the cracks initiated at the lower tip of the pit. The crack then grew into the material and finally caused a piece of material to chip of, forming the pit. Since the cracks initiated at one point the initiation mechanism for the crack must be of local sort. The pitch line is visible in the photos as a bright horizontal reflection in the surface slightly below the middle of the pit. Most RCF pits in the test series were located close to the pitch line as in Fig. 1a , or at the pitch line such as in Fig. 1b .
Olsson [5] proposed a mechanism for RCF initiation based on the requirement of cyclic tensile stresses for crack initiation and growth. Note that cyclic compressive stresses with local cyclic plasticity may degrade the material but can not open a crack. Hence, for fatigue to develop the maximum principal stress on a crack plane has to be positive. Tensile surface stresses develop radially outside point type contacts, for instance at over-rolling of a point type asperity. The vital difference in surface stresses between normal point and normal line contacts was recognised. Not only does the point contact include stress variation in the third, transverse direction, the stress solution in the rolling plane is fundamentally different from that of the line contact, see Appendix A. The normal line contact only gives compressive stresses. The normal point contact on the other hand has a tensile radial surface stress which in the rolling plane will act in the rolling direction. Hence, normal line contacts will not open a crack and can therefore not explain fatigue. Stresses from normal point contacts may however initiate fatigue and will open surface cracks. Dahlberg and Alfredsson [6] investigated the surface stresses arising around an axisymmetric surface asperity over rolled by a cylinder. For dry conditions they concluded that the tensile stresses in front of the asperity are sufficiently large to initiate fatigue. Hannes and Alfredsson performed a series of fracture mechanical investigations [7] , [8] , [9] and [10] on the surface crack growth behaviour by the combined asperity and rolling cylinder contact load. They found that the crack behaviour can be predicted with respect to crack growth direction in the rolling cross-section [7] , i.e. the pitting entry angle β [7] , the pitting life [8] and [9] , and the surface view opening angle αpit [10] , of the archetypical sea-shell shaped pit crater exemplified in Fig. 1a .
The analyses in the literature by Dahlberg and Alfredsson [6] and [11] showed that for dry conditions sufficiently large in-surface stresses can develop at point type asperities to initiate RCF cracks both with and without slip. The pit in Fig. 1b developed at the pitch line where slip was small or absent. It illustrates that if a mechanism for surface initiated RCF should be generally applicable, then it must work also in the absence of contact traction. Negative slip, as is found in the dedendum of the pinion gear or along the centre lines in the outer ring of deep groove bearings, will enhance tensile stresses in front of the contact entering asperity but may not alone be the general root explanation for all RCF cracks. Instead the in-surface tensile stress from the point loaded asperity appears to be the important factor for RCF.
Fractographic investigation of surface distress [12] shows different crack entry angles to the surface at the pitch line compared to the dedendum with negative slip and the addendum with positive slip on the pinion gear teeth. At the pitch line with pure rolling the crack entry angle β = 18 -28 ° whereas in the dedendum β = 41 -50°. Purified point contact experiments [13] showed the importance of point contact load and friction on the surface distress crack entry angle. The pits in Fig. 1 were in fact located at, or near, the pitch line where slip was absent or small. The entry angle β = 23 -30° for these and similar pits [7] verifies that slip in this case was small or absent which motivates detailed investigation of the contact and stress state at pure rolling when focus of the investigation is the understanding of the underlying mechanism for RCF.
At the pitch line slip is absent and only the point load can give tensile surface stresses. The size of these will be decisive for verifying the asperity point load mechanism. Further down in the addendum slip may add tensile stresses from friction, which would complicate the possibilities to draw important conclusions. Therefore, the condition at the pitch line was here studied in detail. Compared to the earlier investigations [6] to [11] on the asperity point load mechanism, the present work focused on the effects the lubrication has on the surface stresses at over-rolled asperities or craters, including the risk for fatigue initiation. Since the investigation focused on the underlying mechanism which creates surface initiated RCF and therefore must be able to predict RCF at pure rolling, it was limited to the conditions close to the pitch line or rolling point where pure normal entanglement prevails. Pure, normally directed, line loads of any shapes do not yield tensile stresses in the surface. However, when a point asperity or point crater passes through the contact, it will give rise to a point contact load which yields radial surface tension, see the stress solutions for line and point loads in Appendix A. The amplitude of the point load from the irregularity depends on the magnitude of the line load, the asperity geometry and relative surface compliances at the asperity contact.
The current gear cylinder contact, with an asperity, was modelled as the equivalent elastic cylinder with the axisymmetric asperity in Fig. 2b rolled against a flat rigid surface. The asperity is compared with the real surface roughness profile in the bottom curve of Fig. 2a . The profile was measured in the rolling direction. Note that the roughness is fairly constant throughout the full length of the contact. The origin was located in the symmetry plane of the asperity and at the centre of the cylinder contact. The x-axis was oriented in the rolling direction. The y-axis was oriented in the transverse rolling direction and the z-axis was directed into the material of the curved surface. The asperity position was defined by the parameter xd which changed for each time step. At the centre of the asperity, a material fixed coordinate system was defined, a = − d , = and = . This coordinate system moved with the material. In Fig. 2b the asperity is on the exit side of the contact since d is defined in the same direction as , which is opposite the rolling direction (RD). Hence, the rolling direction and the contact movement are towards the left in Fig. 2b in a room fix view and the asperity move to the right in the figure in a contact following view. At highly loaded rolling Hertzian contacts with lubrication, so called elastohydrodynamic lubrication (EHL) conditions prevails. Already at pure rolling EHL conditions, the normal contact pressure distributions differ from the Hertzian pressure distribution. The most pronounced differences are the pressure spike at the contact exit and small pressure increase just before the Hertzian contact starts at the contact entry. The lubrication effects on the overall pressure, will affect the asperity load and thereby also the surface stresses near the contacting asperity. [19] solved the EHL for a circular contact. Current studies aim at including more aspects of the contact to get a better understanding of the contact and to yield more accurate results. An in depth review of the EHL history was presented by Dowson and Ehret's in 1999 [20] . There exist later reviews on EHL which describe later research developments, for example Spikes 2006 [21] and Lugt and Morales 2011 [22] .
EHL simulations are highly non-linear due to the interactions between the pressure, the surface deformations and the flow of the lubrication. The elastic deformation affects the shape of the lubrication flow which in turn affects the load carrying capacities of the setup. The high contact pressure yields a large non-linear increase of the viscosity. To manage these non-linarites the EHL contact is solved with an iteration scheme where the Reynolds equation is solved simultaneously with the elastic deformation, a pressure viscosity equation, a pressure density equation and a force balancing equation. To improve convergence while keeping a stable procedure, a combination of underrelaxed Jacobi and underrelaxed Gauss-Seidel methods are often used to solve EHL problems. An informative description of the numerical implementation is presented by Venner [23] .
One research area that has drawn increasing interest is the importance of surface roughness and asperities on the EHL contacts. For instance, Masjedi and Khonsari extended the formulas of central and minimum film thickness to include load sharing between the lubricant and the asperities [24] . Rosenkranz et al. demonstrate that pits can reduce the coefficient of friction [25] . Šperka et al. [26] showed experimentally that sliding will separate two different effects that surface irregularities have on the contact. One is the irregularity itself and the other is the so called complementary effect (CE) which is the effect the irregularity has on the lubrication film in the inlet. The CE will travel with the speed of the lubrication instead of the speed of the irregularity. Křupka et al. showed with experiments that point and line indents can cause lubrication breakdown due to CE effect [27] . Křupka et al. states that the ratio between the minimum lubrication height and the surface roughness, called the lambda ratio, is not alone sufficient to always determine the lubrication regime and the fatigue risk. However, when the surfaces break through the lubrication, or are close to, the risk of surface damage increases.
Damage simulations in EHL
To decrease frictional losses of gear components the viscosity should be as low as possible. When the viscosity is decreased so is the film thickness which yields greater influences of the surface roughness. The influence of the surface roughness has been studied for some time. An early review on the subject was done by Elrod in 1977 [28] . Since then, work has been done by among others Cheng and Bali [29] who published numerical results showing that ridges and furrows have a significant impact on the EHL pressure distribution and therefore also on the stresses in the material for line contacts with line defects. Lubrecht et al. [30] studied the life reduction from asperities and dents. They considered the hydrostatic stress component for dry line contacts with transverse ridges and grooves or spherical contacts with asperities and dents. Höln et al. [31] presented a detailed experimental investigation on the effects of the surface roughness on the lubrication shape and the pressure distributions for line contacts with line roughness, i.e. ridges and furrows, or grooves. [39] considered the von Mises stress for dents in spherical contacts and found that the maximum effective stress approached the surface. Jiang et al. [40] and Deolaliker [41] et al. studied the contact pressure and temperature increase due to asperities passing through the EHL contacts. Hooke et al. [42] presents a new numerical set-up for EHL simulation including asperities. Li and Kahraman did also look into fatigue caused by the roughness but instead with the fatigue model proposed by Liu and Mahadevan [43] . All point out roughness as an important parameter for pitting and state good agreement with experiments where higher pressures and rougher surfaces display shorter life and higher risk for pitting. Nélias and Ville [44] presents experiments where local dents produced RCF. Their analysis is however 2 dimensional with line loads on grooves and only considering the risk for plastic deformation by presenting τmax , i.e. half the maximum Tresca effective stress, during over rolling.
Morales-Espejel and Gabelli [45] performed RCF experiments with dents and simulated the pitting evolution by removing material at points with high fatigue prediction by the Dang Van criterion.
In a review from 2014 Morales-Espejel [46] describes the progress of the understanding of the influences of surface roughness on the behaviour of micro pitting. The review also shows how small hard inclusions can, when loaded, generate bumps, which behave similar to ridges in EHL contacts. Other studies, such as experiments by Ahlroos et al. [47] and the 2 dimensional numerical simulations of cylindrical gear contacts with ridges and slip by Sharif et al. [48] and Qiao et al. [38] show that the damage increases with decreased lambda-ratio. These studies highlight surface roughness as important for rolling contact fatigue initiation. However, since they only consider line contacts with line roughness and line ridges they cannot explain why the pits in Fig. 1 are limited in the transverse direction, why and how they develop at specific positions and extends in the v-form to the sea-shell shape.
The purpose of the present work was to identify and quantify how the tensile in-surface stresses at and around the asperity or crater initiate RCF in the surface when they pass a contact with pure rolling EHL conditions. Contact mechanics theory and the numerical treatment of EHL were combined with fundamental understanding of fatigue crack initiation and fatigue crack propagation in hardened steel to form the asperity point load mechanism which here should be verified for EHD conditions. Furthermore, the goal was to determine surface and lubrication conditions for which these stresses can create surface initiated RCF.
Instead of investigating general rough surfaces, the work focused on the in-surface stress field around one single smooth axi-symmetric irregularity. The focus on individual well defined asperities and dents contributed to verifying the asperity point load mechanism for RCF and provided important understanding on the underlying mechanism and damage process for RCF. The fatigue risk at and around the irregularity was evaluated according to the Findley criterion [49] , since it is a widely tested and used fatigue criterion which has shown to work well for contact situations [50] , [51] . The evaluation was performed for asperities undergoing contact conditions in a highly loaded truck spur gear. The results show, in accordance with the literature, that asperities may cause fatigue damage but the present results also show how the asperity causes the stresses which may initiate the pit creating crack. The work includes results for a range of temperatures, irregularity shapes and oil parameters for which irregularities may give rise to sufficiently large stresses to cause fatigue. The interaction between smooth craters, such as dents, and the EHL was investigated with respect to the surface stresses inside and surrounding the dent.
Theoretical background
The rolling gear teeth, or roller bearing, contact was converted to an equivalent contact with a cylinder rolling on a flat surface, see Fig. 2b . The shapes of the real application contacts are often somewhat elliptical, but since the transverse length of the contact is much greater than the contact width, the cylinder approximation was assumed applicable for the central part of the gear contact. The flat surface was modelled as rigid with the combined elasticity of both surfaces included in the cylinder material. The cylinder was given the equivalent radius
r r r r r = +
where 1 and 2 are Young's modules and 1 and 1 are Poisson's ratios for the surfaces.
The contact was assumed fully flooded with the lubrication flow modelled with the Reynolds equation for thin films [52] . The differential equation was solved as the average in the height direction since the height of the lubrication film is much smaller than both the width and the length of the contact. Typically the height of the lubrication film is less than a few micrometers while the contact width is at least two orders of magnitude greater. The interaction between contact surfaces and the lubrication was modelled with no slip boundary conditions giving the fluid in contact with the wall the same velocity as the wall. To capture the effects of the asperity a 3 dimensional simulation was needed. The length axis of the cylinder was oriented along the y-axis yielding rolling along the x-axis in 
The lubricants can often not sustain negative pressures. Instead lubricant cavitation limits the pressure from becoming negative, which was accounted for by forcing the pressure to be zero or positive.
Rolling contact fatigue typically appears after running in of the gears. After the running in process with surface hardening, asperity flattening by wear and plastic deformation, the surfaces will only deform elastically [11] [53] [54] [55] . By assuming purely elastic deformation the shape of the film thickness was described by
The last term in Eq. (4) represents the elastic deformation of the two bodies and was derived from the Boussinesq potential functions [56] . The lubrication offset height ℎ 0 was determined through the requirement of load balance of the contact,
where is the applied normal contact load. The normal contact load gives the Hertzian contact half width and the maximum pressure Hertz [56] 
for the cylinder contact.
The properties of the lubrication film were modelled according to the formulation by Larsson et al. [57] 
where 0 is the density at the reference temperature 40 = 40 ºC. The thermal expansion variable was modelled following Salehizadeh and Saka [59] 
where, is a constant equal to 1.51/GPa and 40 is the thermal expansion coefficient at the reference temperature 40 = 40 ºC. The pressure viscosity relationship was described by the Roelands equation [58] ( )
where the temperature exponent R ( ) was defined as
and the dynamic viscosity 0 at atmospheric pressure was obtained from
Values for the coefficients z , z , and are given by Larsson et al. [57] for some common lubricants.
Since the analysis focused on the contact at the pitch line, the contact was modelled in pure rolling with the cylinder and the flat surface moving at the same velocity, m , the only flow component which will give rise to shear stresses on the surfaces was the Poiseuille term in Eq. (3). If a sliding speed, s ≠ 0, had been introduced, then the Couette term would give further shear stresses. Based on the assumption of Newtonian flow and the no slip boundary condition, the shear stresses on the top or curved surface in Fig. 2b was evaluated by [60] 
The flat bottom surface was subjected to shear stresses of the same magnitude but with the opposite sign for the Poiseuille term. A similar set-up was used by among others Li and Kahraman [61] .
The asperity was placed on the cylinder surface. The asperity shape sh in Eq. (4) was modelled in accord to Hannes and Alfredsson [7] with one cosine cycle
in the region where
In Eqs (13) and (14) and are the asperity widths and δ is the asperity height, see Fig. 2b . For an elliptical asperity with no sharp edges, the widths are equal to the ellipse axes.
Stresses and fatigue
The surface stresses in the substrate were determined separately in a post processing step after solving the EHL equations. The stresses were computed using the Boussinesq, Cerruti and Flamant solutions in Appendix A. To reduce summation error and increase calculation speed the pressure and the shear traction in the rolling direction were divided into line loads and remaining point loads. The line loads were taken as the minimum values along each transverse line.
The Findley criterion was used to evaluate if the surface near the asperity was loaded above its fatigue limit [62] . In dimensionless form the Findley criterion is ( ) amp n,max max eF Fi κ τ σ σ + = (15) where and eF are material parameters, see Appendix B. The criterion was evaluated for all planes in each material point. Each plane was defined by its normal direction which was given by two angles and ∅ rotating to the right around the -and -axis, respectively. Angular increments of 2° were used here. A rotation matrix = ∅ was used to rotate the stress tensor to the evaluated plane, . The shear stress amplitude, amp , on the plane was combined with the maximum value of the normal stress, n,max , found sometime during the load cycle on the plane. During the load cycle the shear stress vector described a loop on the plane. The shear stress amplitude on the plane was found as half of the distance between the two shear stress points that were the furthest apart. The critical plane was identified by the highest . If is above unity for a material point, then the Findley criterion predicts that this point will not sustain infinite life. Socie and Marquis describe the criterion in more detail [62] .
The parameters for the Findley criterion were determined from uni-axial data in the literature for the case carburized gear steel in Fig. 1 . The procedure described in Appendix B gave κ = 0.627 and σeF = 625 MPa. A uni-axial bending fatigue stress σeb = 692 MPa was also determined, see Appendix B.
Numerical model
The pressure distributions in EHL contacts are determined numerically. Current models are often based on either finite element method (FEM), like the setup of Shirzadegan [63] , or based on finite difference methods (FDM), like those described by Venner in [23] and by Huang in [64] and [65] . In particular, metal contact during the interaction of rough surfaces requires special numerical treatment. One method is to model dry micro-scale asperity contacts and superposition the contact pressure for the roughness on the EHL pressure while keeping the load balance [18] . Alternatively, Eq. (3) is solved for the rough surface profile with attention paid to nodes where the film thickness becomes smaller than a limiting value, which then represents metal contact. For such nodes the Poiseuille flow and the transient term in Eq. (3) become small and can be removed from the iterations for rapidly conversion to a stable solution [66] . Instead of removing these equation parts, the pressure on the nodes can be increased until the limit film thickness is reached locally. The pressure increase is given by Love's equation for elastic deflection in Eq. (4).
Numerical setup
The present numerical model was based on the FDM code by Huang [64] and incorporated the roughness within the EHL iterations by increasing the pressure on nodes with metal contact. The set-up utilised dimensionless parameters 
of the second derivative, where the and refers to the node numbers in the -anddirections. The second order approximation was also used for the Couette flow term
The time dimension was discretized with the Crank-Nicolson method yielding the numerical setup of Reynolds equation To update the pressure, the residual of Eq. (19) was minimised using either the Gauss-Seidel or the Jacobi iteration methods in accord with Huang [64] . Like Huang, line relaxation was used to increase the convergence speed. At each iteration, the lubrication parameters and the lubrication film thickness in Eq. (19) were updated to fully couple the behaviour of the different physical properties.
The lubricant boundary conditions included zero contact pressure at the inlet, = 0 , and the outlet, = e , see Fig. 3 . On the transverse sides of the model, at = − 0 and = 0, the pressure gradient ∂ ∂ ⁄ = 0 and thereby the lubrication flux was zero. The model width 0 was selected sufficiently large for the pressure profile at = − 0 to be undisturbed by the asperity. See Fig. 4a for cylindrical pressure profiles with and without a point asperity.
The pressure region required for determining the elastic displacements in Eqs (21) and (22) with good resolution was however wider than the relatively narrow model width 0 where the pressure and lubrication height were evaluated. For pressure positions outside the model width at < − 0 = −0.5( − 1)∆ and > Y 0 = 0.5( − 1)∆ the pressure was set equal to the cylindrical pressure at the border, = 0 . The elastic surface displacements in Eq. (4) were evaluated numerically with Loves expressions for elastic deflection due to uniformed pressures applied to rectangular regions [67] . The displacement of each node ( , ) was summed for all pressured regions in thedirection at 0 ≤ ≤ e in Fig. 3 , and on all regions in the distance e − 0 in both the positive and the negative -direction from , − ( e − 0 ) ≤ ≤ + ( e − 0 ) in Fig. 3 . The asperity shape function sh in Eqs (4) and (21) 
where ′ = − and ′ = − . The deflections were the sum of the contributions from nodes in the -direction and 2 nodes in the -directions.
Since the asperity was small compared to the cylindrical contact, it was assumed that the single asperity would not change the overall lubrication height or offset, 0 . The offset was obtained during the initial time independent simulation of a smooth rolling cylinder. The offset, 0 , was then kept throughout the time dependent simulation when the asperity was over-rolled. It was determined through Newton-Raphson iterations of the load balance in Eq. (5), where the pressure depended on the lubrication offset. To yield a stable procedure the lubrication offset was only updated once the total load difference between two iterations was less than 1% and either the sum over all nodes of the residual of Reynolds Eq. (19) was below 0.001 or 20 iterations had been performed.
Following Zhu and Hu [66] , the dimensionless lubrication height on the asperity was restricted to be larger or equal to a minimum value which was assumed to be equivalent to solid contact. The condition was enforced by increasing the pressure during the iterations on each node where was lower than the specified limit. Zhu and Hu set the minimum value to 10 −5 . For this work, 5 · 10 −6 was used.
Numerical simulation
The numerical simulation started with solving for the time independent smooth rolling cylinder against a flat surface. In order to rapidly reach convergence for the pressure and lubrication offset, a mesh refinement procedure was used. When and 0 had approximately converged for the coarse mesh, this solution was taken as the start value for the refined mesh.
The refined mesh had double number of nodes in both -and -directions. The mesh was refined two times this way to the final mesh with 201 • 97 nodes in the -plane. When the time independent solution had converged for the final mesh, the time dependent solution was introduced. To achieve a stable transition from the time independent to the time dependent case, the time dependent terms where gradually introduced over 10 steps. Thereafter, the asperity was inserted at d = 0 and moved through the contact at number of time steps. To stabilise the procedure, limits were used for the pressure increments. The pressure increment on an individual node was not allowed to be higher than 0.02 or lower than −0.1. If contact was detected, then pressure increments up to 0.2 were allowed. The transverse symmetry was utilized, which reduced the number of node lines in the -directions with numerical solution to 49. The solution for the remaining 48 lines was obtained by mirroring the values around the symmetry line in the RD, see Fig. 3 . Appendix C includes a model validation against results by Holmes et al. [68] .
The number of nodes and time steps was a compromise between solution time and accuracy. Holmes et al. [68] investigated the influence of spatial and time resolution for the transient problem of a spherical contact over-rolling a transvers ridge. The accuracy of the present model was evaluated similarly; see Appendix C. Based on the analyses, the selected space resolution with 201 • 97 nodes in the -directions together with 402 time steps for the overrolling sequence was judged as a sufficiently good compromise between accuracy and simulation time. With this resolution, the transient simulation of over-rolling the asperity required about 120 CPU hours on the available computer cluster. Holmes et al. also considered the performance of different discretization techniques and found that the presently used Crank-Nicolson time implementation performed the best.
For simulations with other p Hertz than the reference value in Table 1 the contact half width changed. However, the investigated asperity size remained fixed. In order to keep the fatigue resolution at the asperity comparable between different p, the spatial distances between nodes ∆x, ∆y were fixed. Therefore, the dimensionless variables X, Y and boundaries, X0, Xe, Y0, were rescaled based on the ratio between the current and the reference contact half width. The rescaling ensured that the spatial distance between nodes, the size of the numerical model and the number of nodes was constant regardless of pHertz. However, the number of nodes per contact half width changed for the different pHertz. Table 1 presents mechanical and numerical parameters for the analysed gear contact in Fig.  1a . The asperity data in Table 1 were taken from Dahlberg and Alfredsson [6] who measured the surface roughness on the gear teeth. The material followed Swedish standard SS142506 carburized and heat treated to 750 -800 HV [69] . The investigation contained effects of the asperity geometry, maximum Hertzian contact pressure, temperature and lubrication on the surface stresses. The asperity geometry was varied in size and shape. The circular shape was changed to an ellipse aligned with the rolling or the transverse direction. The asperity was also replaced with a smooth and circular indent. Throughout the analysis the cylinder radius, velocity and cylinder material remained unchanged.
Results
The lubrication parameters in Table 2 for the pressure-viscosity and the pressure-density relations were taken from Larsson [57] and are representative for gears. PAO B was selected as the reference lubricant since it is similar to the lubrication used in the analysed gear contact. When nothing else is stated, PAO B at 90 ºC was used. Table 2 includes the dimensionless parameters
evaluated for the conditions of Table 1 , with Barus evaluated at atmospheric pressure. These parameters were included for comparison to EHL simulations in the literature. 
Asperities
The pressure and lubrication film thickness are presented in Fig. 4a for the circular asperity contact in Table 1 . The thick solid lines represent the time independent solution or smooth cylinder contact while the thin lines represent the time dependent solution along = 0 with the asperity at three instances or positions during the over-rolling. The thin solid lines illustrate the conditions at d = −0.9 or just after the asperity entered into the contact. The pressure spike on the asperity was already well developed and in front of the asperity the squeeze effect has created a small pressure peak. Just in front of and behind the asperity the contact pressure was slightly relieved compared to the cylindrical pressure, which agree with the findings by Deolalikar et al. [41] . The film thickness tended to zero at the asperity centre. The dashed lines presents the conditions with the asperity at the contact centre at d = 0.0, and for the dash-dot lines the asperity is at the contact exit, d = 0.9. The curves show how the local contact properties developed at asperity entry and travelled with the asperity throughout the contact.
The pressure spike on the asperity in Fig. 4a is local and of point type. When assessing fatigue the first issue is whether there exist any tensile stresses in the surface during the over-rolling. Therefore, the first or major principle stress was captured for all locations and time instances during the over-rolling. Fig. 4b shows a surface view of the contact with the maximum values of the major principal stress in each surface position sometime during the over-roll sequence. Note that the values at the different positions in the Fig. 4b are from different time instances. There were two areas where positive stresses appeared in the surface. One was on the left side of the asperity as it entered the contact and the other was on its right side as it exited the contact. For the presently investigated pure rolling, the highest positive surface stresses occurred when the asperity exited the contact region. Fig. 4b shows the full width of the numerical model between ± y 0 = ± 242 mm. At the top and bottom edge of the figure the stress profile agrees with the contact pressure profile with σ1 = σy from Appendix A. This shows that the model width was sufficiently large for the contact conditions to return to those of the cylindrical contact beside the asperity path. Fig. 4c illustrates that the maximum normal stress was substantially tensile for material points on the asperity. In fact, the highest stresses were reached a small distance on the asperity sides in the transverse direction from the symmetry line. These highest values arose when the asperity exited the contact where it was loaded from a small angle yielding an elliptical contact surface. The region with high tensile σ1 then surrounded the asperity peak on the contact outside. Slightly higher stress levels developed at asperity exit than at entry due to the asperity interaction with the asymmetric EHL pressure from pure rolling.
The directions of σ1 are indicated with arrows in the bottom part of Fig. 4c . Note that the arrows point in both directions of the principal stress. They were only included for material point subjected to tensile σ1 > 200 MPa. The arrows are the projection of the direction on the x-y plane, yielding short arrows for directions with large out of plane components. (15) at material points close to the asperity. The highest fatigue risk was reached at the positions that correspond to the tensile stress maxima in Fig. 4c . The positions were on the transverse sides of the asperity, about halfway between the peak and the transition to the smooth cylinder surface. The bottom part of Fig. 4d shows arrows which indicate the normal direction of the predicted critical plane. Fig. 4a shows the asperity contact conditions at three instances. These contact views are important for determining properties related to the contact and lubrication conditions. Similarly, the contact view in Fig. 4b shows where in the contact the highest stresses developed. However, the graphs show the conditions at different material points which is of less importance for fatigue evaluation. Fatigue may develop due to the stress cycle in highly stressed material areas and therefore the stress conditions and stress cycle at such specific areas were investigated and presented in Fig. 4c and 4d . These graphs were here denoted material views in contrast to the contact views in Fig. 4a and 4b . The material views are presented using the moving coordinate system a -a with origin at the asperity centre in Fig.  2b whereas the contact views relate to the contact fixed coordinate system x -y. Fig. 4a includes a dotted line which indicates the maximum asperity pressure for each xposition. The maximum was taken for all time instances during over rolling and all transverse y-coordinates at the x-position. At the inlet and outlet, the pressure peak on the asperity was slightly higher a short transverse distance from the symmetry line than on it. Therefore, the dotted line is slightly above the solid thin pressure line at Xd = -0.9. Fig. 4 . Contact defined in Table 1 and Table 2 The lubrication influences are presented in Fig. 5a to 5e for four of the oils in Table 2 . Fig. 5a exemplifies the maximum pressure over time and y-positions. The figure shows that changing the lubricant may give noticeable influence on the asperity pressure. The dashed line for PAO B is also the dotted line in Fig. 4a . The two excluded lubricants in Table 2 were PAO A and Naphthenic VG68. The results for PAO A were marginally higher than PAO B and those for Naphthenic VG68 were between those for Naphthenic VG32 and VG150, see Fig. 5f . Fig. 5b presents the maximum σ1 for each contact position. The maximum was for all time instances and all -positions. The highest tensile stresses were reached at the exit side of the contact for all lubricants. However, Naphthenic VG32 displays almost as high σ1 at the contact entry side, since its viscosity was so low that the load case was very similar to the dry contact case. In the dry contact case the stress levels would be symmetric around the contact centre line. The central film thickness for Naphthenic VG32 was 0.09 μm. Fig. 5a and b also include the smooth contact with lubrication PAO B as reference. Fig. 5c, 5d and 5e present maxima of p, σ 1 and from a material point of view, i.e. for the acoordinate at the asperity. Notice that the peak values in Fig. 5d and 4e were located slightly to the right of the symmetry line in the same way as is visible in Fig. 4c and 4d . In front or to the right of the moving asperity in Fig. 5c there are small p peaks visible from the squeeze effect. The figures include the asperity profile sh from Eq. (13) for identification of stress positions compared to the asperity. Fig. 5f compares the respective maximum of , 1 and , denoted ̂ � 1 � , during the asperity contact. The pressure was normalized with the maximum asperity pressure, dry = 7.4 GPa, from the dry contact study of similar conditions [7] . The 1 was normalized with eb = 692 MPa from Appendix B. The contacts with lower viscosity lubrications showed higher risk of fatigue failure. This agrees well with for instance Sharif et al. statement that lower ratio between lubrication height and roughness, which follows from lower viscosity, will yield higher fatigue risk [48] . Some effects of varying pHertz from 0.4 to 2.4 GPa are illustrated in Fig. 7 . Fig. 7a shows two curves. One is the maximum asperity pressure during over rolling, . The other is the pressure increase on the asperity from pHertz. The pressure increase was a not affected much by pHertz, instead it stayed around a 3.5-4 GPa increase. Fig. 7b shows how the fatigue risk at the asperity increases linearly with pHertz. Some geometrical properties of the asperity were investigated. The asperity height had an almost linear effect on the fatigue index in Fig. 8a and 7b . For all , the point with the highest fatigue index was just to the right of the asperity centre. Fig. 8c and 7d show the effect of different asperity widths, at d = 1.5 μm from Table 1 . The narrow asperity display more concentrated and higher σeF than the others. The highest index was positioned just to the left of the asperity centre. For the wider asperities the location of the maximum index shifted to the right side. The largest index was located slightly off the centre line for all asperities. In Fig.  8d the fatigue risk decreases exponentially with increasing asperity diameter. Also, for the narrowest asperity all normalized parameters are > 1. Contact fatigue was therefore judged as possible for narrow asperities. Other data is in Table 1 and 2.
The asperity aspect ratio, expressed as ωx/ωy, was also considered, where ωy is the asperity width or axis in the transverse y-direction and ωx is the width in the rolling x-direction. In Fig.   9 the minor axis was always set to 100 μm. The dotted line illustrates the reference asperity also visible in Fig. 3 . The summary results in Fig. 9b suggests fatigue for the circular asperity with / = 1. The decrease in risk from this value was believed to be an effect of the constant minor axis and therefore comparing to larger asperities for ωx ≠ ωy. For the asperities with > 100 μm the highest point of fatigue index was about 20-30 μm to the right while for < 100, the highest point of fatigue damage was at, or just to the left, of the asperity centre. Findley index at asperity and b) summary of aspect ratio effects on fatigue.
Dents
The investigation included smooth sine shaped dents with negative < 0 in Eq. (13) . The pressures and stresses around a dent with = −1.5 μm are presented in Fig. 10 for comparison with the asperity in Fig. 4 . Fig. 10a presents the pressure and film thickness. The time independent case has thick solid lines and the time dependent cases at d = −0.9; 0; 0.9 have thin lines. The dashed lines illustrates a pressure dip to the right and at the centre of the dent, similar to the pressure increase to the right and on top of the asperity in Fig. 4a .
The maximum values of 1 , and were lower for a dent than for the corresponding asperity. The highest 1 on the symmetry line was here reached in the y-direction, see Fig.  10c , compared to the x-direction for the asperity. The asperity generated a point load around which the tensile stresses arose. On the dent the pressure was instead relived, which opened for positive stresses inside the dent. Since the left rim of the dent was more heavily loaded than the right, the left side experienced higher stress levels. The highest fatigue index in Fig.  10d occurred on the symmetry lines and on the left side of the dent. 11 shows the influences of Hertz for a dent with =-1.5 µm. All other parameters followed Table 1 and Table 2 with PAO B. Fig. 11a shows the maximum pressures, , along each X position. The figure includes the reference EHL profile for the smooth rolling cylinder at Hertz = 1.93 GPa. Fig. 11b shows a material view at the dent of the maximum Findley index for all -coordinates. The dent profile is included for the reference position. The curve sections with low and constant -values are the fatigue prediction for the respective smooth cylinder contact. The lowest Hertz barely increased the fatigue risk at the dent compared with the smooth cylinder. For higher Hertz , the -peak developed on the left side in the dent due to the EHL interaction.
The pressure increase around the dent was smaller than for the asperity and not constant as in Fig. 7 . For the -1.5 µm dent, Hertz had to be at least 1.5 GPa for the pressure increase to level off towards a 1.3 GPa increase in Fig. 11c . Although the Fi was smaller for the dent in Fig.  10d than for the corresponding asperity in Fig. 6b it did almost reach 0.6. Fig. 11 The results from a dent passing through EHL contacts with different pHertz. The value pdry refers to a dry contact with an asperity. a) p, b) � 1 near the asperity, c) ̂ summary and d) fatigue risk summary.
For the investigated dent, the fatigue risk was independent of temperature, see Fig. 12 . The global values ̂ and � 1 were only marginally affected. The effects of different dent depth is illustrated in Fig. 13a and 12b . The results show that the fatigue risk increased almost linearly with the depth, corresponding to the linear increase found for the height of the asperities. However, a 1.5 μm deep dent caused approximately the same fatigue damage as a 0.5 μm high asperity.
In Fig. 13c and d the widths of the dents was varied. The thin dent in Fig. 13c caused higher fatigue damage at the right side of the dent centre while the wider dents caused higher damage on the left side. Similar as for the asperities, an exponential increase could be observed for decreasing dent widths, see Fig. 13d . It can be noted that the reference dent with = -1.5 µm was small compared to those that can develop from small particles in applications. Sayles and Ioannides [70] found that debris could form dents of depths up to = -5 µm and widths in the range of 20 µm < < 200 µm.
The dents presented in their article had sharper edges and may therefore induce higher surface stresses, than the currently investigated sine-shape dents. Sayles and Ioannides [70] reason that a critical debris aspect ratio may exist. The decreasing slope of the damage in Fig.  13b compared with the exponential increase in Fig. 13d indicates that the severity of a dent can not be predicted by an aspect ratio alone. The amplitude has to increase far beyond = -4.0 µm to initiate fatigue when = 100 µm, i.e. the amplitude has to be far greater than 0.04 of the wavelength for this case. While at = -1.5 µm a wavelength of = 50 µm is enough to cause damage. Here the amplitude is only 0.03 of the wavelength.
Discussion
The simulations showed that small point shaped asperities and dents can be one cause for surface initiated RCF in lubricated EHL contacts. The asperity point load mechanism provided an explanation for surface initiated RCF that is based on stresses from 3 dimensional contacts as defined by contact mechanics and the accepted knowledge on how cracks initiate and behave at ordinary fatigue. Thus, surface initiated RCF is not a separate form of fatigue; it is ordinary fatigue at special, but for rolling contacts common, load conditions. The simulations showed that slip is not necessary for RCF if sufficiently large asperities are present. Newtonian lubrication was used here since there was no global shear traction in the contact, only small shearing appeared due the Poiseuille term in Reynolds equation. The lubrication isolated the surfaces from each other except for the tip of the higher asperities where metal contact developed. Regardless of metal contact, the asperities provided a local point pressure peak which supplied local in surface tensile stresses when the asperity entered and exited the rolling nominal contact. This tensile stress component together with the large shear stress amplitude developed by the over-rolling contact provided a sufficiently large stress cycle for fatigue initiation according to the general purpose Findley multi-axial criterion for non-proportional stress cycles with material endurance data from independent uni-axial fatigue experiments.
When the results for the conditions in Table 1 and the PAO B lubricant in Table 2 were reviewed, some conditions for RCF initiation were noted. Firstly, it was noted that a point shaped asperity had to be present. Then, if all parameters except one was kept at the reference value, then asperity heights d > 1.4 μm (Fig. 8b) , asperity width ωx = ωy < 110 µm (Fig. 8d) , rolling contact pressure pHertz > 1.7 GPa (Fig. 7b) and global temperature Γ > 70 °C (Fig. 6b) , can initiate fatigue. Six different lubricants were reviewed, with some difference in fatigue risk, but all suggested fatigue for the reference configuration. Comparing the fatigue prediction in Fig. 5f and the lubrication data in Table 2 it appears the viscosity was the most important lubrication parameter, if one is to be singled out, for RCF. In Table 2 the lubricants are almost sorted after decreasing reference viscosity and in Fig. 5f the same sequence shows increasing fatigue risk. Thus, decreasing viscosity suggested increasing RCF risk according to the presently investigated point load hypothesis.
The results for the equally sized dents as the asperities suggested dents being less dangerous than asperities. At equal conditions, for instance p = 2 GPa in Fig. 11d , Fi for the dent was half the value for the asperity in Fig. 7b . However, it was noted in Fig. 10b that lubrication interaction with dents clearly increased the fatigue risk compared to the smooth surface.
Dry contact comparison
Earlier studies have shown that small point shaped asperities can cause fatigue cracks at dry conditions [11] . Such cracks will then propagate to the archetypical surface initiated pits in Fig. 1 [7] [8] [9] [10] driven by the asperity point loads in combination with the rolling cylinder load.
The effect of the lubrication on the asperity contact is illustrated in Fig. 14a-d by comparing dry and EHL contact pressures for three different asperity positions. The EHL simulations were run with the lubrication parameters of PAO B in Table 2 and the loading conditions in [7] .
The solid lines in Fig. 14a represent = −1.2, the dashed lines = −0.94 and the dotted lines were obtained when = 0. In the EHL contact the asperity pressure does not reach quite the same height as in the dry contact case, the squeeze effect is visible in front of the asperity and the pressure decrease just beside the asperity is smaller. In the dry contact, a larger pressure peak is visible at first interaction between asperity and cylinder. Fig. 14b and c illustrates the pressure at the asperity when it has entered the EHL contact, = −0.91, and at the exit = 0.91. The cylinder contact rim at = ±1 is indicated with a dashed white line at respective the figure edge. At entry, the squeeze effect is visible as the pressure increase 60 μm to the right of the asperity. At the exit region the EHL pressure distribution was very similar to the dry case [7] , but with almost 1 GPa lower asperity pressure. For the dry contact the pressure results would be symmetric in entry and exit since there would be no squeeze effect or EHL pressure spike. When the dry and the EHL contacts with point asperities were compared, the important conclusion was that all major features remained for the high pressure spike. Thus, the propagation results for a crack at the asperity in dry conditions were expected to remain for EHL contacts.
The maximum EHL pressure on the dent of = −1.0 μm during a load cycle is presented in Fig. 14d . The pressure distribution is much less symmetric with respect to the transverse centre line than for the asperity in Fig. 14a . Along the left dent rim p increased compared to the surrounding p whereas it decreased along the right rim. For dry conditions a small symmetric pressure increase has been reported symmetrically around the dent rim [11] . Thus, the interaction between the dent and the EHL contact may produce a noticeable pressure spike which is absent for the dry contact. MPa. Thus, was determined by both σn,max and τamp. The highest was, as in Fig. 4d , observed on the transverse sides of the asperities which agreed with the large σn,max in Fig.  15a . The corresponding largest τamp in Fig. 15b was however found on the symmetry line with Y = 0 and to the left of X = 0. For the asperity, σn,max had a large influence due to the large radial tensile surface stress from the asperity point load, Fig. 3c , and the large coefficient κ in Eq. (15) .
For the dents, the position with the highest was always on the symmetry line and most often at the right side of the dent, see Figs 10d, 11b, 12a, 13a and 13c. The result in Fig. 10d was divided into its components in Fig. 16 . The figure shows that for the dent, the major part of the fatigue value was due to τamp. σn,max only gave a minor contribution to the fatigue damage at the dent. However, it is tensile at � in Fig. 10d , which is a requirement for opening a fatigue crack.
Considering Figs 15 and 16 it was deduced that contact fatigue at asperities and dents have different explanations. At asperities, fatigue was primarily caused by the in surface tensile stress from the asperity point load. At dents, the lubrication interaction with the walls created the pressure and stress peak that gave large τamp for the highest Fi. The shear stress amplitude, τamp.
5.3
The -ratio
The risk for RCF in EHL contacts is often estimated with the -ratio, Λ = hmin/Ra. For the present surface with a single asperity or dent, Ra was ambiguous. The peak to valley distance Rt = |d| was well defined but clearly too large for comparisons with Ra based results in the literature. A simple relation a = t 4 ⁄ was therefore determined by computing the expected Ra for a constant roughness ansatz over Rt. Thus,
was used here. A Λ-ratio below 1 typically indicates increased risk for asperity contact and RCF. Conversely, a value above 1 indicates a fairly low risk for RCF, see for example [71] . The -ratio for all presently simulated contacts is compared to the Fi value in Fig. 17a . Open markers are results for asperities and solid markers are for dents. A linear relation with negative slope between Λ and Fi in Fig. 17a suggested correlation between Λ and Fi with respect to the investigated parameter, see for instance pHertz, d, Γ and lubricant, i.e. h0. The series with varying asperity width ω and ωx/ωy had constant Λ but clearly varying fatigue risk Fi. Fig. 17b shows a comparison between Λ and maximum σ1/σeb during the load cycle with the same conclusions regarding parameter correlation. The dents gave the same -ratio but almost half the and a third of 1 eb ⁄ for the asperity. The varying RCF risk for equal Λ in Fig. 17 and in particular the difference in risk between equally large and equally shaped asperities and dents illustrated that the Λ-ratio or Ra alone may be misleading in predicting RCF risk. The detrimental difference between asperities and dents for equal Ra can be identified by also considering the surface skewness or third statistical moment of the roughness
where L is the measurement length and Rq is the root mean square roughness. Positive Rsk indicates asperities and negative Rsk suggests dents. Hence a positive Rsk increases the RCF risk for equal Ra. 
Conclusion
Point type asperities and dents gave pressure spikes and substantial tensile in surface stresses on the sides of the asperities and inside the dents when they were over-rolled by an otherwise smooth and lubricated cylinder. The detailed investigation of single asperities and dents led to the conclusion that stress peaks at asperities and dents were the results of different mechanisms.
The point type pressure spike at asperity entry and exit was particularly important since it gave rise to stress cycles with large tensile stress maxima in combination with large shear stress amplitudes in the surface and following gave decisive contribution to the fatigue risk at the irregularities as they entered and exited the rolling contact. The simulations resulted in a series of conclusions for RCF initiation at point shaped asperities.
• At asperity entry and exit of the EHL contact the pressure spike remained almost as severe as for the dry contact, at 87% of the dry value.
• Asperities in ground gear surfaces can be sufficiently large to initiate contact fatigue in lubricated rolling contacts without slip.
• The predicted fatigue risk became substantial for axial-symmetric asperities with height = 1.5 µm, width = 100 µm and pHertz > 2 GPa.
• The maximum risk for fatigue and crack initiation was found on the transverse sides of the asperities. Analysis of the Findley fatigue criterion suggested that the tensile insurface stress played a vital role in the fatigue risk at asperities.
• The maximum pressure on the asperity increased with around 3.5-4 GPa for all simulated pHertz.
• The = 4hmin/d indicated the severity of the contact for some parameters, such as pHertz, d, Γ and h0. For other parameters the Λ-ratio can be misleading.
For dents another mechanism was the cause for the point type pressure spike. The EHL interacted with the dents to create pressure spikes on the inside of the dent rim and possible fatigue initiation on the inner sides of the dents. The highest fatigue risk at the dent was found due to the point pressure spike.
• Dents yielded about half the fatigue risk expressed in as the correspondingly high asperities.
• The maximum fatigue risk of a dent developed on the inside slope and along the rolling symmetry line of the dent.
The main research goal was met: EHL simulations with load, asperity size and material fatigue data from the application in Fig. 1 predicted RCF using general purpose multi-axial fatigue criterion. Thereby the asperity point load mechanism was successfully verified for surface initiated RCF close to the gear pitch line in the application. 
The mechanical and numerical parameter values used for the validation are presented in Table C1 . The discretization analysis for the present model was performed with the data presented in Table 1 and Table 2 . The space discretization comprised a rolling smooth cylinder against a flat surface. The minimum and central film thicknesses in Fig. C1b and maximum EHL pressure in Fig. C1c are plotted against the number of nodes in the rolling direction, . Holmes et al. [68] show in a similar graph for a point contact that the solutions for the film thickness converge with increasing node numbers. Based on Fig. C1b and Holmes et al., • = 201 • 97 nodes was judged as sufficiently accurate for the present cylinder contact and that the increased solution time for doubled node numbers in both the -anddirections could not be motivated.
The time discretization was investigated for the current transient problem of a rolling cylinder with an axial-symmetric asperity.
• = 201 • 97 nodes were used. Fig. C1c shows the pressure profiles and the film thicknesses when the asperity is at d = 0.0. Based on Fig. C1c, = 402 was judged to give a sufficiently accurate resolution. Holmes et al. performed a similar investigation for a point contact with a transverse ridge. They found that the CrankNicholson scheme and / = 0.5 gave good agreement with the reference solution, which gave further support for using / = 0.5 here. Fig. C1 . a) Model validation against Holmes et al. [68] for transverse ridge passing a rolling sphere with parameters in Table C1 . Convergence study for spatial resolution of h in b) and p in c) for rolling smooth cylinder. d) Time discretization study of over-rolling with asperity at d = 0.0. Data from Table 1 and Table 2 . 
